Abstract. We consider a connected symplectic manifold M acted on by a connected Lie group G in a Hamiltonian fashion. If G is compact we study the smooth function f = µ 2 . We prove that if a point x ∈ M realizes a local maximum of the squared moment map µ 2 then the orbit Gx is symplectic and Gµ −1 (µ(x)) is G-equivariantly symplectomorphic to a product of a flag manifold and a symplectic manifold which is acted on trivially by G. As an application we characterize completely the symplectic manifolds whose squared moment map is constant. If G is not compact, we characterize the symplectic manifolds acted on by a semisimple Lie group G whose moment map satisfies µ = 0 and ones whose principal G-orbits are symplectic. These results generalize ones given in [6], [2] .
introduction
We shall consider symplectic manifolds (M, ω) acted on by a connected Lie group G of symplectomorphism. Throughout this paper we shall assume that the G-action is proper and Hamiltonian, i.e. there exists a moment map µ : M −→ g * , where g is the Lie algebra of G. In general the matter of existence/uniqueness of µ is delicate. However whenever g is semisimple the moment map exists and it is unique [7] . If (M, ω) is a compact Kähler manifold and G is a connected compact Lie group of holomorphic isometries then the existence problem is resolved (see [9] ): a moment map exists if and only if G acts trivially on the Albanese torus Alb(M), or equivalently every vector field from z, the Lie algebra of the center of G, vanishes at some point in M.
If G is compact, it is standard fix an Ad(G)-invariant scalar product ·, · on g and we identify g * with g by means ·, · , we can think of µ as a g−valued map. It is also natural study the smooth function f = µ 2 which has been intensively studied in [10] to obtain strong information on the topology of the manifold.
We shall prove the following theorem.
Theorem 1.1. Let (M, ω) be a symplectic manifold and let G be a connected compact Lie group acting Hamiltonianly on M with moment map µ. Assume x ∈ M realizes a local maximum of the smooth function f = µ 2 . Then
(1) Gx is a symplectic orbit; (2) µ −1 (µ(x)) is a symplectic submanifold of M; (3) Gµ −1 (µ(x)) is a symplectic submanifold of M which is G−equivariantly symplectomorphic to Gx × µ −1 (µ(x)).
As a corollary we obtain the following result ) is a connected symplectic G-Hamiltonian manifold, where G is a connected compact Lie group acting effectively on M. If µ is the corresponding moment map, then its squared norm µ 2 is constant if and only if G is a compact semisimple Lie group and all principal G-orbits are symplectic. Moreover, M is mapped, by the moment map µ, to a single coadjoint orbit and it is G-equivariantly symplectomorphic to a product of a flag manifold and a symplectic manifold which is acted on trivially by G. If M is Kähler and G is a connected compact Lie group of holomorphic isometries acting in a Hamiltonian fashion on M then M is biholomorphically and G-equivariantly isometric to the product of a flag manifold and a Kähler manifold which is acted on trivially by G. In particular all G-orbits are complex.
We point out that we also give in Remark 2.2 a version of this Proposition in the almostKähler context.
These results generalize ones given in [6] and [2] in a compact context. One may try to extend Proposition 1.2 assuming Ad(G) is compact, which means that G is covered for a compact Lie group and a vector group which lies in the center ( [5] ). However, if G acts properly on M then the existence of a G-symplectic orbit implies that G must be compact. Indeed if Gx is symplectic, from Proposition 1, then (G x ) o , the connected component of G x which contains the identity, coincides with (
o , G must be compact as well. However if G is a non compact Lie group we may prove the following result. Proposition 1.3. Let M be a symplectic manifold acted on by connected non compact semisimple Lie group G, properly and in a Hamiltonian fashion with moment map µ. If µ = 0 then all G-orbits are symplectic. Moreover, given a regular point x ∈ M then the following application
We briefly explain our notation. Γ is a discrete group and we consider the following equivalent relation: (gx, m) ∼ (g ′ x, n) if and only if there exists h ∈ Γ such that g ′ = gh and n = h −1 m. Then
If G is a semisimple non compact Lie group acting properly and Hamiltonianly on M then the Killing form B on g is a non-degenerate Ad(G)-invariant bilinear form. We may identify g with g * by means of −B, and we may think µ as a g-valued map. The author think that would be interesting to study the square of the moment map µ 2 in this context. As a corollary one may prove the following interesting fact. Corollary 1.4. Let M be a connected symplectic manifold acted on by a connected non compact Lie group G, properly and in a Hamiltonian fashion with moment map µ. Assume also Gα is a locally closed coadjoint orbit for every α ∈ g * . If all principal G-orbits are symplectic then M is mapped, by the moment map µ, to a single coadjoint orbit and M is G-equivariant symplectomorphic to Gx× Γ µ −1 (µ(x)). Moreover, if G is a reductive Lie group acting effectively on M, then G must be semisimple,
The assumption Gα, α ∈ g * , is a locally closed coadjoint orbit is needed to applying the symplectic slice and the symplectic stratification of the reduced space given in [1] . Observe that the condition of a coadjoint orbit being locally closed is automatic for reductive group and for their product with vector spaces. There exists an example of a solvable group due to Mautner [15] p.512, with non-locally closed coadjoint orbits.
Proof of the main results
Let M be a connected differential manifold equipped with a non-degenerate closed 2−form ø. The pair (M, ø) is called symplectic manifold. Here we consider a finite-dimensional connected Lie group acting smoothly and properly on M so that g * ω = ω for all g ∈ G, i.e. G acts as a group of canonical or symplectic diffeomorphism.
The G action is called Hamiltonian, and we said that G acts in a Hamiltonian fashion on M or M is G-Hamiltonian, if there exists a map
which is called moment map, satisfying:
# be the vector field on M generated by the one parameter subgroup {exp(tX) :
i.e. µ X is a Hamiltonian function for the vector field
, where Ad * is the coadjoint representation on g * .
Let x ∈ M and dµ x :
If we restrict µ to a G−orbit Gx, then we have the homogeneous fibration
and the restriction of the ambient symplectic form ω on the orbit Gx is the pullback by the moment map µ of the symplectic form on the coadjoint orbit through µ(x)
see [1] p. 211, where ω Gµ(x) is the Kirillov-Konstant-Souriau (KKS) symplectic form on the coadjoint orbit of µ(x) in g * . This implies the following easy fact.
Proposition 2.1. A G-orbit Gx is a symplectic submanifold of M if and only if the moment map restricted to Gx into Gµ(x), µ |Gx : Gx −→ Gµ(x), is a covering map. In particular if G is a compact Lie group then G x = G µ(x) and µ | Gx : Gx −→ Gµ(x) is a diffeomorphism onto.
Proof. The first affirmation follows immediately from (1). If G is compact, coadjoint orbits are of the form G/C(T ), where C(T ) is the centralizer of the torus T . In particular such orbits are simply connected which implies G x = G µ(x) .
We now give the proof of Theorem 1.1
Proof of Theorem 1.1. It follows from the symplectic slice, see [1] , [7] , [12] and [14] . Let β = µ(x) and let G x be the isotropy group at x. Then there exists a neighborhood of the orbit Gx which is equivariantly symplectomorphic to a neighborhood of the zero section of the symplectic manifold (Y = G × Gx (q ⊕ V ), τ ), see [1] , [14] for an explicit description of the symplectic form τ , with a G-moment map µ given by
where q is a module of an G x -equivariant splitting g = g β ⊕ s = g x ⊕ q ⊕ s and µ V is the moment map of the G x -action on the symplectic subspace V of (T x Gx, ω(x)). Note that V is isomorphic to the quotient ((
In the sequel we denote by
2 +λ m, β ≤ 0 for every λ ∈ R which is a contradiction. Hence Gx is symplectic and by Proposition 2.1 G x = G β . The same argument holds for every y ∈ µ −1 (β) so G y = G x for every y ∈ µ −1 (β). Note that a G−orbit intersects µ −1 (β) in at most one point. Indeed, if both x and kx belong to µ −1 (β) then µ(x) = β = µ(kx) = kβ proving k ∈ G x . Now, the set µ −1 (Gβ) ∩ M (Gx) , where M (Gx) := {m ∈ M : G m is conjugate to G x }, is a manifold of constant rank and the quotient (M β ) (Gx) := (µ −1 (Gβ)∩M (Gx) )/G is a symplectic manifold see Corollary 14 [1] . From the above discussion we get µ
and finally β is a regular value of µ restricted to Gµ −1 (β) onto Gβ. Hence µ −1 (β) is a submanifold of M and for every x ∈ µ −1 (β) we have
⊥ω and Gx is symplectic. It is not hard to see that, see also the proof of Lemma 17 p. 217 [1] , that
where
from which one may deduce that µ −1 (Gβ) ∩ Y (Gx) is a symplectic submanifold of M and
/G x is finite since G x centralizes a torus. This claim, since the above facts hold for every x ∈ µ −1 (β), both Gµ −1 (β) and µ −1 (β) are symplectic submanifolds of M. Note also that we have proved that Gµ −1 (β) is symplectomorphic to Gx × µ −1 (β). Indeed, the application
is a G-equivariant diffeomorphism which is also an equivariant symplectomorphism from (1), (2) and (3).
Proof of Proposition 1.2. Assume that the square of the moment map is constant. Let x ∈ M. By the argument used in the proof of Theorem 1.1, we have Gx is symplectic and
. This proves that the center acts trivially on M. Indeed, Z(G) ⊂ G x for every x ∈ M since G x is a centralizer of a torus, which implies that G is semisimple. Next, we claim that M is mapped by the moment map to a single coadjoint orbit. Let Gx be a principal orbit. Since G x acts trivially on the slice, from symplectic slice, the moment map locally is given by
This claim that there exists a G-invariant neighborhood of Gx which is mapped to a single coadjoint orbit. It is well-known that the set M (Gx) is an open dense G-invariant subset and M (Gx) /G is connected ( [13] ). Since µ is G-equivariant, it induces a continuous application
which is locally constant. Hence µ(M (Gx) /G) is constant so µ(M/G) is, proving M is mapped by µ to a single coadjoint orbit. In particular Gµ −1 (β) = M and all G-orbits are principal. Let x ∈ M. As in the proof of Theorem 1.1, from (1), (2) and (3), the application
is the desired G-equivariant symplectomorphism. Now assume that M is a Kähler manifold. Then ω = g(J·, ·) where J is the integrable complex structure. From the argument used in the proof of Theorem 1.1, we have that for every y ∈ µ −1 (β), T y µ −1 (β) = T y M Gx , recall G y = G β and G β is a centralizer of a torus, which implies µ −1 (β) is complex. We point out that we may deduce this result, and that µ −1 (β) is also totally geodesic, noting that the connected component of µ −1 (β) which contains x is the connected component of
and N(G x )/G x is finite due the fact that G x is the centralizer of a torus. Next we claim that Gx is complex. Let V ∈ T x µ −1 (β) and let X # be a tangent vector to T x Gx induced by X ∈ g. Then
which implies that T x Gx = T x µ −1 (β) ⊥ so Gx is complex. Note that this is true for every x ∈ µ −1 (β). Now we claim that φ is an isometry. Since φ is G-equivariant and G acts by isometries, it is enough to prove that dφ (x,z) is an isometry for every z ∈ µ −1 (β). Moreover, since
it is sufficient to prove that the Killing vector field from ξ ∈ g has constant norm along µ −1 (β). Let ξ ∈ g and let X be a vector field tangent to µ
which implies that the Killing field from ξ ∈ g has constant norm along µ −1 (β). We point out that with the same argument one may prove that Gz is totally geodesic.
Since φ is an isometry and a symplectomorphism, φ is a biholomorphism as well. Vice-versa, if all principal G-orbits are symplectic, with the same arguments as in the first part of our proof, one may deduce that M is mapped by the moment map to a single coadjoint orbit concluding our proof.
Remark 2.2. In [1] it was proved that there exists a G-invariant almost complex structure J adapted to ω, i.e. ω(J·, J·) = ω(·, ·) and ω(·, J·) = g is a Riemannian metric. Since
is J-invariant and using the same argument in the proof of Proposition 1.2 we get that all G-orbits are J-invariant and φ is an isometry.
Proof of Proposition 1.3. In the sequel we will denote by ·, · = −B. It is well-known that g has a Cartan decomposition g = k ⊕p, where k is a maximal compactly embedded subalgebra of g, i.e. ·, · k > 0 and on p is strictly negative definite.
Assume that µ = 0. Let x ∈ M. We may assume that g x ⊂ k. From symplectic slice, in a G-invariant neighborhood of Gx, the moment map is given by
where β = µ(x). We briefly explain our notation. g β = g x ⊕ s ⊕ m, where s ⊂ k and m ⊂ p, hence v ∈ s and w ∈ m. In particular for every λ, η ∈ R we have β + λv + ηw 2 = 0, which implies that g x = g β . i.e. Gx is symplectic. Note also that Gx is either a principal or a exceptional orbit. From the same argument used in the proof of Proposition 1.2 one may prove that M is mapped to a single coadjoint. In particular M = Gµ −1 (β) and β is a regular value of µ : M −→ Gβ, recall Gx is symplectic, so µ −1 (β) is a submanifold of M. Let x ∈ M be a regular point, i.e. Gx is a principal orbit, such that x ∈ µ −1 (β). Since for every
It is easy to check Γ is a discrete group acting properly on µ −1 (β). Furthermore, for every p ∈ µ −1 (β) we have
⊥ω and Gp is symplectic. This claim µ −1 (β) is a symplectic submanifold of M. Therefore, from (1), (2), (3) in the proof of Theorem 1.1 and from (4), using the same arguments as in the proof of Proposition 1.2, one may deduce that the map
is a G-equivariant symplectomorphism. Assume M is Kähler and N(G x )/G x is finite. From (2),(3), using the same arguments as in the proof of Proposition 1.2, one may deduce that µ −1 (β) ∩ M Gx is complex, Gy is complex for every y ∈ µ −1 (β) ∩ M Gx and the following map
is a G-equivariant isometric biholomorphism. Since M (Gx) is an open dense subset, φ extends to a G-equivariant isometry
which is also a biholomorphism, since it is an isometric symplectomorphim.
Remark 2.3. We also point out that Remark 2.2 holds in this context which means that Proposition 1.3 holds in the almost-Kähler context. Moreover the assumption G acts properly is necessary. Indeed, the natural action of Sp(n) on R 2n is Hamiltonian and the square of the moment map is zero. Since the origin is a fixed point this action is not proper.
Proof of Corollary 1.4 Let H be a principal isotropy. Since all G-orbits of type H are symplectic, using the same arguments as in the proofs of Propositions 1.2 and 1.3, one may deduce that µ : M (H) /G −→ g/G is locally constant which implies that µ maps M to a single coadjoint orbit. From the same arguments used in Proposition 1.3, we get M is Gequivariantly symplectomorphic to Gx × Γ µ −1 (µ(x)), where x is a regular point. Note also
o , so G must be semisimple whenever G is a reductive Lie group acting effectively on M.
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